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Critical correlations and susceptibilities in the random4ield spherical model
Thomas Vojta and Michael $chreiber
Institut fiir Physik, Technische Uniuersitat Chemnitz Zm-ickau, Postfach 964, D 09-009 Chemnitz, Federal Republic ofGermany
{Received 28 December 1993)
%e investigate the behavior of the correlation function and the susceptibility of the random-field
spherical model at the critical point. In particular we calculate the critical exponents g and g describing
the divergences of the susceptibility and its disconnected part, respectively. In the case of short-range
interactions we obtain g=g=0. For power-law interactions U;J-r;, we find g= 2g=D+2 —0 {for
D (0 &D+2), where D is the spatial dimension. The Schwartz-SofFer exponent inequality g 2g is
satisfied and becomes an equality independent of the functional form of the interaction.
The influence of a quenched random field on the criti-
cal behavior of ferromagnetic systems has been extensive-
ly studied since the first work on this subject by Imry and
Ma' (for recent reviews, see Nattermann and Villain and
Belanger and Young ). While there is a general agree-
ment about upper and lower critical dimensions of the
diferent models, the critical behavior of random-field sys-
tems is still poorly understood, and in particular the criti-
cal exponents and their relations are now known. In
1985 Schwartz and Softer obtained an inequality relating
the critical behavior of susceptibilities and correlation
functions in a general random-field system. While the
so-called disconnected part of the susceptibility [see Eq.
(5) below] vanishes in systems without a field, it does not
vanish in random-field systems. Precisely at the phase
transition the disconnected part is expected to diverge
even more strongly than the susceptibility itself. A corre-
sponding exponent inequality s) & 2' relating the critical
exponents g and ri of the susceptibility and its discon-
nected part, respectively, was also derived by Schwartz
and $oS'er. It has further been suggested that both ine-
qualities should actually occur as equalities. This is sup-
ported by numerical calculations for the random-field Is-
ing model. Rigorous results, however, are not known
up to now.
In this paper we investigate the validity of the
$chwartz-$offer inequality and the corresponding ex-
ponent inequality on the basis of the random-field spheri-
cal model, which is easier to deal with than the corre-
sponding Ising model. The spherical model was first in-
troduced by Berlin and Kac as an approximation for the
nearest-neighbor Ising model. Later, it was also used to
investigate systems with power-law interactions. ' The
e8ect of a random field on the properties of the spherical
model was first studied by Schwartz. " Hornreich and
Schuster' calculated the thermodynamic properties of a
random-field spherical model with short-range interac-
tions, and Vojta' extended this study to the case of
long-range power-law interactions.
The random-field spherical model consists of 1V=L
dynamic variables S,. on the sites of a regular D-
dimensional hypercubic lattice. The model has ferromag-
netic pair interactions U; [which we take as translation-
ally invariant, i.e., UJ = U( lr; —r. l ), for convenience] be-
tween the variables S, The quenched random field y;
couples linearly to the dynamic variables. The Hamil-
tonian of the model is given by
The values p; of the random potential are independent
random variables with a Gaussian probability distribu-
tion
(2)
The dynamic variables S; are continuous real variables
ranging from —oo to ~. To make the model well defined
and to avoid states with diverging energy, a constraint on








where q is the wave vector and S is the Fourier trans-
form of S;. We note that we use a real version of the
Fourier transformation which is appropriate for the
spherical model. The symbol &. & denotes the thermo-
dynamic average. Precisely at the ferromagnetic transi-
tion the configurational averages of these quantities are





which defines the critical exponents g and q. Here & ~ &~
denotes the average over the random fields.
Our choice of the numerical value N/4 of this constant is
influenced by the analogy of the model to the Coulomb
glass model' and the respective analogy of the dynamic
variables S; and the occupation numbers n, =6—,'.
The quantities we are interested in are the q-dependent
susceptibility
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The calculation of averaged quantities in random sys-
tems is a difiicult task, and the usual way to overcome
this diSculty is the replica trick. ' However, in the case
of the random-field spherical model, one can avoid the re-
plica trick as was first noted by Schwartz" for a special
case of the model.
The partition function for the random-field spherical















where P is the inverse temperature P=(kT) '. Using the
Fourier representation of the 5 function, the Gaussian in-
tegrals over the variables S, may be carried out. A single
integral over the variable z that stems from the Fourier
representation of the 5 function remains,
Aq =zo+P Uq /2, (16)
where Uq and |pq are the Fourier transforms of the in-
teraction and the particular realization of the random
field, respectively. Equation (14) establishes a linear rela-
tion between the thermal averages of the variables S and
the random field. We note that this relation was assumed
to be valid in leading order in q by Schwartz and Soffer in
their study of critical correlations and susceptibilities.
In the spherical model, this relation is a rigorous result.
From Eqs. (14) and (15), we obtain
~i2
Z = dz e"~"
27Tl
where% is given by








The matrix V comprises the matrix elements
V& =z5;J +PU~J /2. In the thermodynamic limit N ~ oo,
the integral (9) can be calculated by means of the saddle-
point method yielding
Z =H '(2mN I+"(zo) I } ' e
where %"' denotes the second derivative of 4 with respect
to z. The saddle-point equation
2
(12}
&S, &=—g fdS, 5 ——yS,.' S;
E
Xexp ——gU; S;S —Pgy;S;
l,J l
(13)
The calculation of (Sq ) and (Sq ) is completely analo-
gous to the calculation of the partition function. After
having carried out the saddle-point integration over z, al-
most all terms in the numerator and denominator cance1,
and we obtain
determines zo. In principle, the saddle-point value zo
could depend on the special realization of the random po-
tentials. However, a detailed analysis' shows that zv is
independent of the realization of the random potentials in
the thermodynamic limit N ~ 00.
To determine the susceptibility (4}and its disconnected
part (5), we have to calculate the thermodynamic aver-
ages (S ) and (S ), which are given by
The Schwartz-Sofi'er inequality for the susceptibilities (4)
and (5)
P'c'(g(q))&&y '(q) (19)
is obviously satisfied as an equality independent of the
special choice of the interaction U,".
In the following we calculate the critical exponents ri
and ri. To do this we study the behavior of iLq for small
~q~ precisely at the transition. In the case of short-range
interactions we obtain A, —
~q~, which can be easily seen
by expanding U in powers of q. We note that the term
proportional to q vanishes at the transition, because
zo= —PU v/2 as shown by Berlin and Kac. Inserting
this into Eq. (17) yields (y(q)) —~q~, and therefore
the critical exponent ri in Eq. (6) is equal to zero. Analo-
gously, we obtain (y+'(q) ) —~q~, and the critical ex-
ponent ri in Eq. (7) is also equal to zero. If the model
contains long-range power-law interactions U; - —r;
(with o )D to ensure the convergence of the average en-
ergy per site), the asymptotic behavior of A,q precisely at
the transition is given' by Aq-
~q~ for D & o &D +2.
Inserting this into Eqs. (17) and (18), we obtain
g =—,' g =D +2—o. For o & D +2 the susceptibilities
show the same behavior as for short-range interactions,
i.e., g=g=O.
In conclusion, we have studied the behavior of the sus-
ceptibility g(q} and its disconnected part g "(q) in the
random-field spherical mode1. The Schwartz-Soffer in-
equality relating these two quantities is satisfied as an
equality independent of the choice of the interaction U;J.
Consequently, the exponent inequality g 2g is also
satisfied as an equality. %e have calculated g and g for
the random-Geld spherical mode1 with short-range in-
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teractions as well as long-range power-law interactions.
We have obtained g=g=o and g=
—,g=D+2 —0. for
D & o & D +2, respectively. Since the spherical model is
equivalent to the n ~ 00 limit of the n-vector model, ' it
seems to be interesting to calculate corrections to these
results by means of an 1/n expansion starting from the
spherical model. ' This, however, remains a task of the
future.
Note added in proof. In a recent paper' Gofman et al.
investigated the validity of the Schwartz-SofFer inequality
in the random-field Ising model {RFIM) by means of ex-
tensive high-temperature series expansions. They provid-
ed evidence that the inequality is valid for the short-range
RFIM in arbitrary dimension.
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